We propose a new method for measuring the contact angle of a water droplet on a solid surface from the free vibration frequency. The method involves a new technique for vibrating a small droplet using surface acoustic waves (SAWs). We investigated experimentally the relationship between the contact angle of a water droplet on a SAW substrate and the free vibration frequency. The experimental results were compared with that of the theory based on normal-mode analysis and excellent agreement was obtained. The relationship was used to measure the contact angle of a water droplet on an arbitrary solid surface and to evaluate the solid surface condition.
Introduction
In our previous work, 1, 2) we have experimentally investigated how a liquid droplet free vibration responds in terms of vibration frequency and decay constant to the liquid surface tension, viscosity and contact angle. The physical properties of the liquid were obtained from the characteristics of the free vibration of the liquid droplet.
In this study, we take note of the relationships between the contact angle and the free vibration frequency of a water droplet on a solid surface. The experimental results obtained by the surface acoustic wave (SAW) vibrating method were compared with the analytical results 3, 4) using the normal-mode analysis and the Green-function method. Excellent agreement was found between measurements and theoretical calculations. The relationship was used to measure the contact angle of a droplet on an arbitrary solid surface. In the experiment, new and simple experimental methods of vibrating a droplet were employed. The free vibration frequency method for detecting the contact angle is useful for evaluating the solid surface condition.
Theoretical 3, 4)
Strani and Sabbeta described the free vibrations of a spherical droplet immersed in an immiscible fluid of different density and in partial contact with a solid surface.
3) They derived solutions in the form of eigenvalues for the frequencies of the axisymmetric vibrations of an incompressible droplet in partial contact with a spherical bowl. Neglecting gravity and viscosity, they assumed small-amplitude surface deformations of an initially spherical droplet to approximate the dynamics of the spherical droplet, a section of which was bound to a flat solid. The section of a spherical droplet in partial contact with a spherical bowl is shown in Fig. 1 . Angle θ is the contact angle between the flat solid surface and the tangent to the spherical droplet surface at the base. The velocity field is described by a potential which satisfies the Laplace equation and a spherical polar coordinate system is adopted. The solutions are given by the Legendre polynominal. On the boundary portion where the droplet is in contact with the solid surface, we assume the normal velocity and the surface deformation z to be zero. By considering the dynamic balance of moment along the droplet radius and conservation of the droplet volume, we can obtain the equation of the frequency of a droplet:
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• diverges and then the frequency converges to zero, which corresponds to a rigid displacement of the droplet.
Here, σ is surface tension, ρ density of the droplet, r radius of the droplet, V volume, θ contact angle and N eigenvalue for mode N which corresponds to the N th Legendre polynomial. The free surface deformation z N for mode N can be expressed as follows:
These elements of matrix A N N are given in refs. 3 and 4.
From this equation, we can obtain the eigenvalues . The calculated frequencies for modes N = 1, 2, 3 are shown in Fig. 2 . In the calculation, ρ=998.2 kg/m 3 , σ =0.07228 N/m and V =10 µ for water, and we used a tenth-order matrix A N N In the case of N = 1, the eigenvalue for a contact angle
Droplet Vibration Excited by SAW Streaming

Experimental setup
Rayleigh-type SAW radiates a longitudinal wave into a liquid when the SAW propagation surface is in contact with the liquid. If the SAW power is raised above a certain threshold, the liquid begins to move or to stream. We call the phenomenon SAW streaming and employed this to vibrate a droplet.
In the experiment, a pair of IDTs (interdigital transducers) and an evaporated metal film (Au/Cr) with a circular pattern between IDTs were fabricated on a 128YX-LiNbO 3 . We designed the circular pattern for a droplet to exhibit hemispherical shape with a contact angle of 90
• . The IDT employed in this study had a center frequency of 50 MHz, 49 pairs and a width of 1 mm. The substrate surface except for the circular region of metal film was made hydrophobic (non-wetting) by silanization or a waterproof spray. A droplet was placed on the circular pattern, and vibrated by the SAW excited from both IDTs. Figure 3 shows the experimental setup. When a pulsively modulated input voltage was fed to both IDTs, we could observe droplet vibration with a resonant frequency in the hertz region. We illuminated the droplet horizontally with a laser. Then, the changes in the height of the droplet due to the vibration were measured with a position-sensitive diode (PSD). The frequency and decay constant of the droplet vibration were obtained from the PSD output signals using a standard FFT method. The side views of the droplet were monitored on the CRT by use of a CCD camera.
The SAW streaming method for vibrating a droplet is a useful technique for in-depth studies of droplet vibration. Figure 4 shows typical responses for a 15 µ droplet. Pulsively modulated input voltage (16.0 V p− p ) to IDTs with a period of 1 Hz is shown in Fig. 4(a) , the time responses of the droplet height are shown in Fig. 4(b) , and the frequency spectrum of the time response is shown in Fig. 4(c) . Here, f 0 is the peak value for free vibration without input voltage and f n is that for forced vibration during input voltage supply.
Droplet vibration response
Spectrum measurements for the 15 µ droplet were made with various IDT input voltages. The results are shown in Fig. 5 for f 0 (q) and f n ( ). It was found that as input voltage increases, the spectrum f n decreases, while the spectrum f 0 does not change. These results are consistent for droplets of various volumes. This means that the free vibration frequency f 0 is not influenced by the input power but depends on the shape and physical properties of the droplet.
Results
The contact angle θ is represented by the following relationship:
The angle a is shown in Fig. 1 from the image from a CCD camera. We measured the free vibration frequency f 0 for various water droplet radii r. In this case, θ =90
• for water and the corresponding eigenvalue 1 = 0.050140. The results for various water droplets 0.98 mm (2 µ ) to 2.43 mm (30 µ ) in radius r are shown in Fig. 6 . Excellent agreement was found between measurements and theoretical calculations. Therefore, the mathematical model of free vibration of the droplet in partial contact with a spherical bowl is applicable to the free vibration system of the droplet in contact with a solid surface. Various contact angles of a constant volume droplet can be obtained by changing the contact area between a substrate and the droplet. In order to provide various contact angles, the surface of the substrate was modified by making all areas except for a circular region hydrophobic with a non-wetting material, as shown in Fig. 7(a) . Contact angle measurements were performed by measuring the a of water droplets with a constant volume. The experimental results for a water droplet with a constant volume of 10 µ and the calculated values are shown in Fig. 7(b) . Good agreement between experimental and theoretical results was obtained for water droplets 8 µ to 20 µ in volume.
Application to Arbitrary Solid Surface
In order to apply the free vibration method for evaluating an arbitrary solid surface, it would be necessary to excite a water droplet without employing the SAW substrate. We used the following three types of impulse excitation methods.
(1) Pulling up the droplet with a needle. (2) Blowing air to the droplet. (3) Dropping the droplet from a height of 1-2 cm. When a droplet was excited by these three methods, dynamic motions depending on the type of excitation were observed. However, the frequency of the vibration measured by the system as shown in Fig. 3 was the same as that measurured by the We prepared glass plates that were made hydrophobic using non-wetting materials such as waterproofing agents (A and B) and water-repellents (C and D), and measured the free vibration frequencies and contact angles of water droplets on the glass plates. The results for a droplet 8 µ in volume (points A, B, C, and D) correspond to the theoretical values, as shown in Fig. 8 . We can evaluate these non-wetting materials based on these results.
Conclusion
This study exhibits a new method for contact angle measurement by measuring the droplet free vibration frequency. If the volume of a water droplet on an arbitrary solid surface is known, we can determine the contact angle by measuring the free vibration frequency and evaluate the condition of the solid surface. In the present experiment, we employed some methods for exciting free vibration of a droplet. One is the SAW streaming method. Hence, the free vibration frequency does not depend on the vibration method. Free vibration frequency as a function of contact angle for a 10 µ water droplet.
SAW streaming method wherein a droplet is placed on a SAW substrate. The other three methods, pulling up, blowing air and dropping, were used for a droplet on an arbitrary solid surface. The free vibration frequencies obtained from these four methods were identical. The frequencies calculated with the model expressed as the vibration of a droplet in partial contact with a spherical bowl are in excellent agreement with the measured frequencies of droplets on an arbitrary solid surface. This indicates that the model is applicable to a droplet free vibration system on the solid surface.
